In this paper, we present a new epidemic spreading SIS model with time delays on scale-free networks. We give formula of the basic reproductive number R 0 for the model. The global asymptotic stability of a disease-free equilibrium when R 0 < 1 and the uniformly persistent of disease when R 0 > 1 are proved. Numerical simulations are given to demonstrate the main results.
Introduction and Model Formulation
In epidemiology, mathematical models are the basic conceptual tools used to study epidemic dynamics and to formulate control strategies. In recent years, motivated by the seminal works on the scale-free (SF) property [1] , the studies of epidemic spreading on SF networks have attracted extensive interests within the academic community [2] - [11] . A SF network is a network whose degree distribution follows a power law, at least asymptotically. That is, the probability that a node chosen randomly from the network having degree k follows a power law distribution P (k) = ck −r , where γ is the power-law exponent whose value is typically in the range 2 ≤ γ < 3, c = 1/ k −γ .
It is well known that time delay can play an important role in the epidemic model. It can be introduced to represent the infection periods of infective members, the periods of recovered individuals with immunity and the periods of quarantined members. Although there are many studies of the dynamical behaviors of the epidemic models with time delays on homogeneous networks [12] , the epidemic models with time delay on the spreading behaviors in SF networks attract a few attentions. In 2013, Xia et al. [13] investigate the effects of delaying the time to recovery by a set of ordinary differential equations. Recently, Liu et al. [14] and Wang et al. [15] discussed the effect of infection delay for SIS model and SIR model on SF networks respectively.
In paper [16] , authors consider an epidemic SIS model with nonlinear infectivity, as well as birth and death of nodes and edges on SF networks. Based on the classical SIS model, the dynamical mean-field reaction rate equation is established as follows:
where S k (t) and I k (t) represent the relative densities of the susceptible and infected nodes; the natural births and deaths are proportional to the node size with birth rate b and death rate d; a is the recovery rate; and the factor Θ(t) represents the probability that any given link points to an infected site,
where λ(k) > 0 is the correlated (k-dependent) infection rate and ϕ(k) means the occupied edges which can transmit the disease, which can take various forms, such as λ(k) = kλ(where λ is the spreading rate at which each susceptible individual acquires the infection from an infected neighbor during one time step) and ϕ(k) = k in [2] , [3] , λ(k) = λkA(k) and ϕ(k) = kT (k) (where A(k) is the probability that a susceptible node would actually admit an infection through an edge connected to the infected node, similar to T(k)) in [6] , λ(k) = kλ and ϕ(k) = ak α /(1 + bk α ) in [4] , λ(k) = kλ and ϕ(k) = A in [5] . Note that ϕ(k) in [4] - [6] is suitable than ϕ(k) = k in [2] , [3] since an infected cannot contact all acquaintances in one time step. Based on the the work of reference [16] , we consider a new epidemic SIS model with time delay on SF networks to investigate the impact of incubation delay. By applying the mean-field technique, the dynamics model based on delay differential equations when t > τ is established as follows:
where τ is a kind of incubation period of the computer virus or the disease of population, which means that the infected code begin to infect the other individuals after τ . Other parameters have the same meanings as in (1), and all the parameters are positive. The initial condition of system (3) is
where
with the norm ω = sup −h≤θ≤0 |ω|, and |ω| is Euclidean norm of R 2n . We suppose that the total number of nodes is constant, that is, deaths are balanced by births, hence b = d and S k (t) + I k (t) ≡ 1. This is a suitable assumption since the adding and removal nodes and edges only take a small proportion in a sufficiently large network such as social networks and Internet. Thus, system (3) becomes the following model:
In this paper, the global behaviors of the model (5) with initial condition (4) are studied mathematically. First, the formula of the basic reproductive number is given. Next the dynamical behaviours of the system are analyzed. Finally numerical simulations are given to demonstrate the main results.
Analysis of the Epidemic Model
In this section, we analyze the model (5) theoretically. Denote
Theorem 1. There is always a virus-free equilibrium E 0 {0, ..., 0} and when R 0 > 1, then system (5) has a unique endemic equilibrium E * .
Proof. It is easily verified that E 0 is always an equilibrium of system (5). Denote I k = I * k ( some constants) and substitute them into (5), we have
This yields that
Substituting (8) into (2), we obtain the self-consistency equality
Obviously, Θ * = 0 always satisfies (9) , it follows that from (8) that the diseasefree equilibrium E 0 of system (5) always exists. Note that
and
Obviously, if R 0 > 1, the equation (9) has a unique positive solution, consequently, system (5) has a unique positive equilibrium E * (I * 1 , I * 2 , · · · , I * n ) since (8) holds, where n is the maximum number of contact each individual.
Lemma 1. ([17]) Consider the following equation:
where a 1 , a 2 , τ > 0; x(t) > 0 for −τ ≤ t ≤ 0. We have: (i) there is a t 0 such that T (t) is compact for t > t 0 ; and (ii) T (t) is point dissipative in X; and (iii)Ã ∂ is isolated and has an acyclic covering M .
Then T (t) is uniformly persistent if and only if, for each
whereÃ ∂ = x∈A ∂ ω x , and ω(x) is the omega limit set of
Theorem 2. The virus-free equilibrium E 0 is unstable when R 0 > 1 and global asymptotic stable when R 0 < 1. When R 0 > 1, the disease is uniformly persistent, i.e., there exists a positive constant ε, such that lim inf t→∞ I(t) > ε.
Proof. First, we discuss the stability of equilibrium E 0 of system (5). Let us consider the Lyapunov function V (t)
Calculating the derivative of V (t) along the solution of system (5), we obtain
Note that λ(k)ϕ(k) / k −(a+b) < 0, i.e., R 0 < 1, hence V ′ (t) ≤ 0. Therefore, E 0 is globally asymptotically stable if R 0 < 1. If R 0 > 1, we will proof that the equilibrium E 0 of system (5) is unstable. The linear system of (5) is
Assuming ρ is eigenvalue of characteristic equation of system (5), the Jacobian matrix of system (5) at the equilibrium E 0 as follows:
For matrix A, the first row multiplied by −λ(m)/λ(1) add to the mth row, m = 2, · · · , n. The mth column multiplied by λ(m)/λ(1) add to the first column, m = 2, 3, · · · , n. We obtain the following matrix:
The associated characteristic equation of system (5) is
ρ = 0 and ρ = −(a + b) are roots and the other roots satisfy
Let
Note that F (ρ) is continuous on [0, +∞), and
due to R 0 > 1. On the other hand, lim ρ→+∞ F (ρ) = +∞. So, there at least exists a positive real constant ρ 0 such that F (ρ 0 ) = 0, that is to say, the characteristic equation of system (5) has at least a positive real root. Hence the equilibrium E 0 of system (5) is unstable. Next, we discuss the persistence of the viruses when R 0 > 1. Denote
Let (I 1 (t), I 2 (t), ..., I n (t)) = (I 1 (t, φ), I 2 (t, φ), ..., I n (t, φ)) be the solution of (5) with initial function φ = (φ 1 , φ 2 , ..., φ n ) and
Obviously, X and X 0 are positively invariant sets for T (t). T (t) is completely continuous for t > τ . Also, it follows from (0) that I k (t) ≤ 1 for t > 0, which implies T (t) is point dissipative. E 0 is the unique equilibrium of system () on ∂X 0 = X/X 0 andÃ ∂ = {E 0 }, E 0 is isolated and acyclic. Now we prove W s (E 0 ) X 0 = ∅. Suppose it is not true, then there exists a solution (I 1 (t), I 2 (t), · · · , I n (t)) in X 0 such that I k (t) → 0 as t → ∞.
For η > 0, there exists a T > 0 such that
For all t ≥ T and k = 1, 2, ..., n, we have from (2) and (5) thaṫ
Note that
Lemma 1, we can obtain that lim t→+∞ Θ(t) = +∞, which contradicts to the boundedness of Θ(t). This completes the proof. Hence, the infection is persistent according to Lemma 2, i.e., there exists a positive constant ε, such that lim t→∞ inf I(t) > ε.
The basic reproductive number for system (5) is
If R 0 < 1, the infection will disappear due to global stability of E 0 (0, 0, · · · , 0). If R 0 > 1, the infection will always exists, i.e., lim t→∞ inf I(t) > ε > 0. 
Numerical Simulation
In this section, we present several numerical simulations in terms of network structure and model parameters to support the results obtained in previous sections. The simulations are based on scale-free networks, which is hererhenous, where the degree distribution P (k) = ck −γ in which constant c satisfies
where n is the maximum number of contact each individual.
In Fig. 1 , the times series of I(t) are performed with γ = 2.5, a = 0.04, b = 0.06, τ = 5, λ(k) = 0.1k, ϕ(k) = hk α /(1 + gk α ) in which h = 0.5, g = 0.02, α = 0.75. In Fig. 2 , the times series of I(t) are performed with λ(k) = 0.05k and other parameters have the same values as in Fig. 1 . It can be seen that from Fig. 1 and Fig. 2 the diseases will eventually disappear when R 0 < 1 or the diseases is uniformly persistence when R 0 > 1. These results are in agreement with Theorem 2. Fig. 3 shows the steady-state density of infected nodes with different values of τ when R 0 > 1. We show that the incubution delay has no effects on the basic reproductive number and the steady state of average density I(t) of the infected codes.
Conclusion
In summary, to better understand the effect of the time delay on the transmission of disease, we introduce a SIS model on scale-free networks which includes the nonlinear infectivity and incubation delay. Through mathematical analysis and numerical simulations, the basic reproductive number for the model has been determined. As results indicate, the delays have no effects on the basic reproductive number and the steady state of average density. Numerical simulation demonstrate the main results.
